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A model for the distribution of the ionospheric electric
potential which drives the currents which close the global
electric circuit is constructed. Only the internal electric
�elds and currents generated by thunderstorms are studied.
The atmospheric conductivity pro�les with altitude are
empirically determined, and the topography of the Earth's
surface is taken into account. A two-dimensional approxi-
mation of the ionospheric conductor is based on large con-
ductivities along the geomagnetic �eld; the Pedersen and
Hall conductivity distributions are calculated using the
empirical models IRI, MSIS and IGRF.
The maximum calculated voltage di�erence in the iono-

sphere under typical conditions for July, under low solar
activity, at 19 : 00 UT, is about 85 V. The ionospheric
electric �elds are found to be an order of magnitude smaller
than those of the well-known model of Hays and Roble,
1979.
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1 The Electric Conductivity Equation

The basic equations for the steady state electric �eld E
and current density j

curlE = 0, div j = Q, j = σ̂E, (1)

σ̂ - the conductivity tensor, jext - external current density,
Q = −div jext
Electric potential V , E = −gradV .
Electric conductivity equation

− div (σ̂ gradV ) = Q. (2)

Spherical geomagnetic coordinates r, θm, φm, geomagnetic
latitude λm = π/2− θm, height above mean sea level h.

2 Separation of Ionospheric and Atmospheric

Conductors

The Earth's ground is an ideal conductor

V |h=hg(θ,φ)
= −V0, (3)

the value of the constant V0 will be de�ned later.
Our model of the topography (Denisenko, Yakubailik,

2015).
We de�ne the boundaries separating the ionosphere:
Atmosphere below h

I
= 90 km

Magnetosphere above h
M
= 500 km, nonzero conductivity

across B only in plasma sheet and cusps.
The whole magnetic �eld line in the ionosphere and
magnetosphere is an equipotential object - 2-D model.
Domain decomposition.
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3 Atmospheric Conductor

V |h=h
I
= 0. (4)

Dirichlet boundary value problem (2-4) for the atmosphere
that is simulated as a conductor between two ideal conductors.
Unique solution when the constant V0 is given.
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Ðèñ. 1: The equipotentials � a, and the current lines for the
total current � b in the neighborhood of a thunderstorm
cloud. Dots show elliptical cross-sections of the cloud.

Obtained solutions around thunderstorm clouds (Fig. 1
and similar for an equatorial cloud) permit to project thun-
derstorms to the ionosphere.
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Ðèñ. 2: The global distribution of the vertical conductance
of the atmosphere Σ(λm, φm) in units of 10−17S/m2. The
rectangles show the regions with electric current to the
ionosphere from thunderstorm clouds (Hays and Roble,
1979).

Because of the large horizontal scale we use the �at 1-D
model instead of the 3-D equation

− d

dh

σ(h) d
dh

V (h)
 = 0,

V |h=h0
= 0, V |h=hg(θ,φ)

= −V0. (5)

The value V0 is taken to balance the total fair weather
and thunderstorm currents.
Height distributions of the conductivity σ(h) similar to

the empirical model (Rycroft, Odzimek, 2010):
fair weather vertical electric �eld strength E0 = 130V/m

near ground produces current density j0 = 2pA/m2;
the potential di�erence between the ground and the ionosphere

V0 = 250kV.
The conductance of the atmospheric vertical column with

4



1m2 cross-section between ground and ionosphere

Σ(θ, φ) = 1/
∫ h0
hg(θ,φ)

dh

σ(h)
. (6)

4 Conductivity in the Earth's Ionosphere
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Ðèñ. 3:Pro�les of the components of the electric conductivity
tensor for a mid-latitude night�time ionosphere. The
e�ective Pedersen and Hall conductivity averaged during
an acceleration period of 3 hours are presented by the
dashed lines.

We use parallel and normal to the direction of magnetic
induction B components of vectors which are marked with
symbols ∥ and ⊥. Ohm's law (1) in a gyrotropic medium

j∥ = σ∥E∥, j⊥ = σ
P
E⊥ − σ

H

[
E⊥ ×B

]
/B, (7)

Hall (σ
H
), Pedersen (σ

P
), �eld-aligned (σ∥) conductivities.
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We have created the model (Denisenko, et al., 2008) to
calculate the components σ

P
, σ

H
, σ∥ of the conductivity

tensor σ̂, that is based on the empirical models IRI, MSISE,
IGRF.
2-D model, Pedersen and Hall conductances Σ

P
,Σ

H
:

J⊥ =

 Σ
P

−Σ
H

Σ
H

Σ
P

 E⊥, (8)

Σ
P
=

∫
σ
P
dl, Σ

H
=

∫
σ
H
dl. (9)

6



ϕm0
o

90
o

180
o

270
o

360
o

λm

90
o

60
o

30
o

0
o

−30
o

−60
o

−90
o

−1

0

1

2

3

log
10
Σ, S

ϕm0
o

90
o

180
o

270
o

360
o

λm

90
o

60
o

30
o

0
o

−30
o

−60
o

−90
o

Ðèñ. 4:Distribution of the integral Pedersen conductance Σ
P

(top panel) and Hall conductance Σ
H
(bottom panel). The

points with λm, φm geomagnetic coordinates at 120 km
height in the ionosphere identify halves of magnetic �eld
lines. Maps are calculated under typical conditions for July
under high solar activity at the considered point in time,
19:00 UT.
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5 Boundary Value Problems

The charge conservation law in some plane with Cartesian
coordinates x, y that presents all magnetic �eld

− ∂

∂x

Σxx
∂V

∂x
+ Σxy

∂V

∂y

− ∂

∂y

Σyx
∂V

∂x
+ Σyy

∂V

∂y

 = Qext,

(10)
Qext - the density of current from the atmosphere, trans-
formed to the new coordinates x, y. For dipolar geomagnetic
�eld Σxx = Σyy = Σ

P
, Σxy = Σyx = Σ

H
. The partial

di�erential equation (10) is an equation of elliptical type.
The auroral zones are equivalent to almost ideal conductors

because they are connected in parallel with good (ideal)
magnetospheric conductors: V = 0 in the auroral zones.
This condition cuts the ionosphere into three parts which
are the Northern and Southern polar caps and the main
part that contains middle- and low latitudes.

V |ΓN = 0, V |ΓS = 0, (11)

V |Γaur = 0, (12)

the boundaries of the Northern and Southern polar caps
are ΓN and ΓS.
For the main part of the ionosphere the auroral and

equatorial boundaries Γaur, Γeq. Γeq corresponds to the last
magnetic �eld lines which are regarded as ionospheric ones.
As a consequence of the charge conservation law

Jν|Γeq = −J0
eq. (13)

Our numerical method for the boundary value problem
(10, 12, 13) is described in detail in (Denisenko, 1998).
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6 The Results of the Calculations
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Ðèñ. 5:Distribution of the electric potential at 120 km height
in the ionosphere. Equipotentials are plotted with contour
interval 2V. Dashed lines correspond to negative values
of potential. Maximum potential di�erence is about 42V.
Map is calculated under typical conditions for July under
high solar activity at the considered point in time, 19:00
UT.

In the well known model (Hays, Roble, 1979) the ionospheric
integral conductances were principally simpli�ed as Σ

H
≡

0 and Σ
P

≡ 0.05 S. The maximum potential di�erence
within the ionosphere was 1575V.
Due to the smaller height of the atmospheric column

between the ground and the ionosphere above the Himalayas
the column conductance is about 5 times larger. So the
fair-weather current density has a maximum there and the
minimum of the ionospheric electric potential is found just
there.
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Ðèñ. 6:Distribution of the electric potential at 120 km height
in the ionosphere under low solar activity. Contour interval
5V, maximum potential di�erence is about 86V. The
rectangles show the thunderstorm regions.

In our model the potential has identical values at the
ionospheric conjugate points.
The model potentials in the ionosphere would be di�erent

from those presented in Fig. 3 at other times and under
di�erent solar activity conditions. Anyway the potential
di�erence between ionospheric regions above thunderstorm
areas and above fair-weather areas is always less than 200V
(Denisenko, et al., 2019).
The key parameters in our model: voltage between the

ground and the ionosphere V0 = 250 kV, fair weather electric
�eld near groundE0 = 130V/m with corresponding current
density j0 = 2 pA/m2, the total current �owing upwards
from thundery areas to the ionosphere is Iext = 1.4 kA.
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These values are considered to be typical for the GEC,
but in view of the linearity of the model they could be
multiplied by any common constant.

7 Conclusions

The obtained electric �eld in the ionosphere is an order of
magnitude less than that in the model (Hays, Roble, 1979).
The main reason for the di�erent orders of magnitudes
is a better approach for the simulation of the ionospheric
conductivity in our model. That is our principal improvement
to the model (Hays, Roble, 1979).

The research is supported by the Russian Foundation for
Basic Research (project 18-05-00195).
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